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This article focuses on micromechanics-based models that explicitly express the elastic and conductive
properties of plasma-sprayed ceramic coatings in terms of relevant microstructural parameters. These
parameters reflect, in an integral way, the density and the orientation distribution of microcracks; they
apply to strongly oblate pores as well. On the other hand, the porosity parameter usually plays a
secondary role. Partial contacts between crack faces—a factor of major importance—are reflected via
appropriate reduction of crack densities. The effect of various ‘‘irregularities’’ of crack shapes is dis-
cussed. Case studies of YSZ coatings demonstrate how the micromechanics-based modeling can be used
and directly interfaced with 2-D image data.
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1. Introduction
The present review discusses the elastic stiffness of
plasma-sprayed ceramic coatings and their thermal con-
ductivity in relation to their microstructure. We focus on
explicit relations between the said properties and relevant
microstructural features.
Plasma-sprayed ceramic coatings have a lamellar
microstructure consisting of elongated, flat-like splats of
diameters between 100 and 200 lm and thicknesses
between 2 and 10 lm, formed by a rapid solidification
(Fig. 1a). The porous space comprises ‘‘irregular’’ mixture
of cracks and pores of diverse shapes (Fig. 1b). Their
orientation distribution is usually nonrandom (with ten-
dency to be either parallel or normal to the substrate)
resulting in noticeable anisotropy. The problem arises of
their proper quantitative characterization, i.e., of identifi-
cation of the argument of the function








prior to discussing possible forms of this function.
The basic requirement to the proper parameter is that
it must represent individual defects according to their
actual contributions to the considered property. For
example, crack density parameter takes the individual
crack contributions proportionally to crack sizes cubed,
since this corresponds to their contributions to the effec-
tive compliance and to the conductivity.
Violation of this basic requirement may lead to
inconsistencies. For illustration, we consider a family of
strongly oblate pores. Their contributions to the effective
compliance are almost independent of their aspect ratios,
as long as they are below 0.1 (see the discussion in Sect 2).
Let us assume that we express the effective compliance in
terms of volume fraction of the pores (porosity P). Then, if
the aspect ratios are changed, say, from 0.05 to 0.1 this
would increase P by a factor of two, but the effective
compliance will remain almost unchanged. If, on the other
hand, we increase the number of pores by a factor of two
and reduce their aspect ratios by the same factor, P will
remain the same, but pore compliances will increase sev-
eral times. In other words, the function (1.1) will not be
single valued, if its argument is P. If, however, we recog-
nize that strongly oblate pores are almost identical to
cracks in their effect on the linear elastic properties, and
identify crack density as the proper argument of (1.1),
these difficulties are not encountered.
For complex microstructures, the identification of such
parameters is a challenging problem. In the general context
of materials science, this problem was reviewed in Ref 1.
Quantitative characterization of microstructures—i.e.,
identification of the proper microstructural parame-
ters—depends on the physical property considered. For
example, parameters that control the elastic and the con-
ductive properties are largely similar, but, in cases of
overall anisotropy, they are not identical. Further, if the
conductivity of the gas filling the pores is to be taken into
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account, the crack opening—albeit small—may become
important, and this would require modification of the
microstructural parameter. Importantly, the microstruc-
tural parameters that control the permeability, or fracture,
may be entirely different from the ones relevant to the
elastic/conductive properties.
We focus on the three-dimensional modeling. As far as
2-D models and computations are concerned, they are of
qualitative and illustrative—but not quantitative—value.
For example, the compliance/conductivity contributions of
cracks and pores scale as their sizes cubed in 3-D, but
squared in 2-D, and this difference is of major conse-
quence for mixtures of defects of diverse sizes.
Remark We consider the linear elastic effective proper-
ties. This may present a limitation in the case of narrow,
crack-like pores in the field of compressive stresses: if the
latter are high enough to close some of the pores, the
response is nonlinear (we refer to the review, Ref 2, for a
discussion of nonlinear effects). Yet another limitation
concerning conductivity is that cracks and pores are
treated as ideal insulators, neglecting heat transfer across
them, due to radiation or conductivity of the gas.
Three different approaches to modeling of micro-
structure of plasma-sprayed coatings have been suggested
in literature:
A. Treating contacts between splats (that alternate with
much larger no-contact zones) as dominant elements
of the microstructure; the effective properties are then
controlled by appropriate contact characteristics. Such
modeling was developed in the context of conductivity
(Ref 3); it was refined and extended to the elastic
properties in a number of subsequent works; for their
overview, we refer to Ref 4. One limitation of these
models is that the contacts were considered as non-
interacting ones, whereas interactions between con-
tacts are generally strong and have substantial effect
on the overall properties (Ref 5). We also mention
that the assumption of smallness of contact areas may
or may not correspond to the coating microstructure;
for example, the data in Ref 6 show that contact areas
may be comparable to no-contact ones. Yet another
limitation concerns anisotropy: a full set of anisotropic
effective constants was not given in the mentioned
works. An important observation is that the cross-
property connections discussed in Sect 4 imply that
models for the conductive and the elastic properties
should be compatible. Such compatibility is not always
clear in models of this kind (see Ref 4).
B. Treating pores and microcracks as dominant features
of the microstructure; parameters of their concentra-
tion are then the controlling microstructural parame-
ters. In Ref 7 and 8, it is suggested to represent the
porous space by two families of oblate pores, of per-
fectly vertical and perfectly horizontal orientations; a
similar model was developed in Ref 9. One short-
coming of these models is that the effective elastic
constants were expressed in terms of volume fractions
of the two families (rather than crack densities). This
leads to difficulties discussed above, and translates
into very high sensitivity of the effective constants to
the exact values of aspect ratios—a parameter that in
addition to being unimportant may not be known. In
addition, it is unclear how to define aspect ratios for
pores of irregular shapes. In Ref 10, two families of
microcracks—perfectly vertical and perfectly hori-
zontal, plus spherical pores—were treated as the main
microstructural elements, and the effective elastic
constants were expressed in terms of crack density and
porosity. The latter model did not consider the ori-
entation scatter (that is, typically, substantial); this
factor was accounted for in Ref 11-13.
The above-mentioned works did not take into account
the presence of partial contacts between crack faces—the
factor of major importance producing very strong effect
on the elastic and conductive properties. This limitation
Fig. 1 Typical microstructure of plasma-sprayed ceramic coatings
at different magnifications












makes it difficult to interface the mentioned works with
actual image data.
In fact, approaches A and B are not mutually exclusive;
on the contrary, they represent two equivalent viewpoints
of the same microstructure provided approach B incorpo-
rates the effect of contacts between crack faces. Indeed, let
us consider a crack with contacts. Its stiffness (the stress
required to produce a given displacement of crack faces) is
a sum of the stiffnesses provided by the contacts and by the
crack itself; the latter stiffness is inversely proportional to
the linear size of the crack (its radius, for the circular
crack). As discussed in Sect 2, contacts produce very strong
stiffening effect—to the extent that the stiffness of the
crack itself can be neglected—except for the case when the
crack is sufficiently small. Then, the crack can be viewed as
an interface between two rough surfaces formed by mul-
tiple contacts, and contact-related characteristics consti-
tute proper microstructural parameters.
This duality was discussed in the computational study
(Ref 14), using the example of two periodic microstruc-
tures: one formed by isolated contacts (with intercon-
nected no-contact zone) and another one by isolated
coplanar cracks (Fig. 2). The conductances of the two
arrangements were found to be relatively close if the total
contact area was the same (this result applies to the
stiffnesses as well, due to the cross-property connection).
These computations suggest, in a qualitative manner, that
the approaches A and B are equivalent, although a
quantitative equivalence between the contact character-
istics and the density of coplanar cracks may be difficult to
establish.
C. The crack-based approach B appears to be preferable
since it provides a consistent framework for describing
anisotropy due to nonrandom crack orientations.
Such modeling—which bridges the two approaches
by reflecting the effect of contacts via appropriate
reduction of the crack density—was developed in
Ref 15 and 16. Their model is the focus of the present
review. The discussion of the model is followed by
case studies of alumina and YSZ coatings that dem-
onstrate how the model can be used and directly
interfaced with image data.
2. Quantitative Characterization
of Microstructure of the Plasma-Spray
Coatings in the Context of Elastic
Properties
We view the coating as a continuous material that
contains pores and cracks with contacts between their
Fig. 2 Results of computational study (Ref 14) for conductivity across the interfaces with different periodic microstructures—isolated
contacts and isolated cracks—as a function of relative area of contacts. Note closeness of the two curves












faces. In this section, we discuss quantitative character-
ization of pores and cracks, with the account of partial
contacts between crack faces and other ‘‘irregularities’’ of
crack shapes. This means identification of the micro-
structural parameters that represent individual defects in
accordance with their actual contributions to the elastic
properties, with the account of the mentioned factors. The
effective elastic properties should then be expressed in
terms of such parameters, as is done in Sect 3.
The sizes of cracks and pores are very diverse: they
vary from very small ones, single microns or smaller, to
10-30 lm for pores and to 100-300 lm for cracks. As dis-
cussed below, only the largest defects need to be taken
into account, as far as the effective elastic and conductive
properties are concerned. The overall porosity depends on
processing parameters and is, typically, within 10-15%; it
appears to be due mainly to slightly open cracks, and not
pores, in view of an order-of-magnitude difference in sizes
of the largest cracks and largest pores.
In the context of the effective elastic properties, the
key quantity is the compliance contribution of a defect;
the extra compliance DSijkl due to multiple defects is a
sum, over a representative volume V, of the individual
defect contributions. We start with comparing the com-
pliance contributions of cracks and pores. We consider a
circular crack of radius a under uniaxial loading r11 in
the direction x1 normal to the crack. We also consider a
spherical pore of radius a under uniaxial loading r11.
Their strain contributions De11 (per volume V) are as
follows (Ref 17):
Decrack11 ¼




















(hereafter, E0 and m0 denote the Youngs modulus and
Poissons ratio of the bulk material). These formulas
(without the multiplier r11) give the contributions of the
defects to the overall compliance S1111.
Importantly, the contributions of both types of defects
scale as a3. Therefore:
 In a mixture of defects of substantially diverse sizes,
the smallest defects can be ignored, unless they vastly
outnumber the largest ones. This simplifies processing
of various data: the information on smallest defects is
unnecessary, as far as the effective elastic properties
are concerned.
 Since the largest cracks are much larger than the
largest pores, they play a dominant role—in spite of a
smaller numerical factor for cracks in formulas (2.1).
Thus, it is the microcracks that produce the dominant
effect on the effective elastic properties, and only the
largest cracks need to be considered. The challenge in
their quantitative characterization is that crack geometries
are highly ‘‘irregular,’’ with partial contacts between crack
faces, nonplanarity, and intersected configurations,
whereas the usual crack density parameters are defined for
flat circular cracks. This issue needs to be addressed;
otherwise, crack density becomes a fitting parameter
making the effective property-microstructure linkage
difficult.
2.1 Pores
Pores of the spherical shape are characterized by





V kð Þ ðEq 2:2Þ
where V(k) are the volumes of individual pores. This
parameter remains adequate for moderately nonspherical
pores (aspect ratios, roughly, between 0.7 and 1.5), pro-
vided deviations from the spherical shape are random so
that no anisotropy emerges. Indeed, their compliance
contribution coincides with that of a set of perfectly
spherical pores of the same volume (Ref 17).
Concerning substantially nonspherical pores, we first
mention that strongly oblate, crack-like pores (aspect
ratios smaller than 0.1) can be replaced by cracks, in their
impact on the linear elastic and conductive properties.
Quantitative characterization of pores that are strongly
prolate (aspect ratio c > 1.5) or moderately oblate
(0.1 > c > 0.7) requires certain functions of c (see, for
example, Ref 18). However, such pores seem to be less
typical for the plasma-sprayed coatings. Generally, pores
play a secondary role in the considered coatings, as com-
pared to cracks, and hence their shapes deserve less
attention.
2.2 Cracks
We consider cracks in greater detail since they consti-
tute microstructural elements of dominant importance.
We consider cracks of idealized shapes, irregularly
shaped ones, and, importantly, cracks with partial contacts
between their faces.
Circular cracks are characterized by the crack density





where ak is the radius of the kth microcrack. This
parameter reflects the fact that compliance contributions
of cracks are proportional to a3k. Its applicability to cracks
of irregular geometries—and its ‘‘effective’’ value in cases
when it is applicable—needs to be clarified. This problem
has not been fully solved; we review the progress that has
been made in this direction.
Parameter q can be extended to multiple elliptical
cracks with random deviations from circles: with very
good accuracy, they can be replaced by an equivalent
distribution of the circular cracks, which produces the
same impact on the effective elastic properties. Moreover,












the density of the equivalent distribution can be explicitly
given in terms of the parameters of the ellipses: the
ellipses can be replaced by circles with the same ratios
S2

P, where S and P are the area and the perimeter,
respectively (Ref 20). The approximate equivalence to
circular cracks was shown to hold for flat cracks that are
irregularly shaped or even intersected in computational
study (Ref 21).
Importantly, results for cracks apply to strongly oblate
pores as well: their effect on the linear elastic properties
(the conductivity-provided heat transfer across cracks is
neglected) is approximately the same as the one of cracks,
up to aspect ratios of about 0.10 (Fig. 3). Hence, they
should be characterized by the crack density—rather than
porosity—parameters. Thus,
 Exact information on pore aspect ratios is unneces-
sary, as long as they are smaller than about 0.10.
 Porosity is not a relevant parameter for strongly oblate
pores. This fact has not been always appreciated in
literature (in Ref 9, for example, strongly oblate pores
were characterized by their volume fraction). Inade-
quacy of porosity as a microstructural parameter has
been convincingly shown in Ref 4.
Being a scalar, parameter q is appropriate for randomly
oriented cracks (overall isotropy) and for perfectly par-
allel cracks. For more complex orientation distributions,
one can use a set of parameters describing the particular
distribution (for example, several families of parallel
cracks at angles to one another can be described by partial
crack densities q1; q2; . . . of the families and the angles).
However, for a unified coverage of various orientation
distributions, a tensor crack density parameter is needed.
Besides providing a unified coverage, it identifies the
elastic anisotropy for various orientation distributions.
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ðEq 2:4Þ
where n(k) is a unit normal to kth microcrack. Its trace aii
is equal to the overall density q so that a generalizes the
scalar parameter q. In the case of random orientations,
aij ¼ q=3ð Þdij; for parallel cracks normal to the x3-axis,
a ¼ qe3e3; in these simplest cases, tensor a can be replaced
by scalar q. For several families of parallel cracks,
a ¼ q1n1n1 þ q2n2n2 þ    where n1; n2 . . . are unit normals
to the families.
We emphasize that tensor a is not introduced a priori,
but emerges as a result of analysis of individual crack con-
tributions to the overall compliance. This analysis also
identifies yet another crack density parameter on which the
effective elastic properties depend—the fourth-rank tensor
b ¼ 1=Vð Þ
X
a3nnnn
  kð Þ ðEq 2:5Þ
As discussed in Sect 3, the dependence of the elastic
properties on b is substantially weaker than their depen-
dence on a. We mention, nevertheless, its form in several
simple cases. In the case of random orientations,
bijkl ¼ q=15ð Þ dijdkl þ dikdjl þ dildjk
 
; for parallel cracks
normal to the x3-axis, b ¼ qe3e3e3e3; for several families of
parallel cracks, b ¼ q1n1n1n1n1 þ q2n2n2n2n2 þ    :
The characterization by tensor parameters a and b can
be extended to flat cracks of ‘‘irregular’’ shapes provided
the shape irregularities are random (i.e., the distribution
of such cracks is equivalent to certain distribution of the
circular cracks). However, finding the values of a and b
remains a challenge (unless cracks have the elliptical
shapes).
Cracks in the coatings—particularly the largest ones
producing the dominant effect—have a mild tendency to
be either parallel to the coating plane x1x2 (horizontal
cracks) or normal to it (vertical cracks, with normals ori-
ented randomly in the x1x2 plane). This results in the
transversely isotropic (TI) symmetry, and the principal
components of the crack density tensor are a11 = a22 and
a33. Both crack families have orientation scatter about
the two preferential orientations. This scatter—if it is
random—does not violate the TI symmetry, but changes
the values of a11 and a33. We describe the scatter by the
following function containing scatter parameter k (which
may have different values, kh and kv, for the horizontal
and vertical cracks):
Pk uð Þ ¼ 1
2p
k2 þ 1 eku þ kekp=2
h i
ðEq 2:6Þ
The extreme cases of fully random and ideally parallel
cracks correspond to k = 0 and k =¥. Figure 4 shows
Fig. 3 Compliance contribution components of an oblate pore
as functions of pore aspect ratio












orientation patterns corresponding to several values of k.
All the relevant distribution parameters—partial crack
densities qh and qv of the horizontal and vertical cracks
and their orientation scatter—are reflected in the values of
a11 and a33:
a11 ¼ a22 ¼ 0:5 f1 kvð Þ þ f2 kvð Þ½ qv þ f1 khð Þqh;
a33 ¼ f1 kvð Þqv þ f2 khð Þqh
ðEq 2:7Þ
where f1 and f2 are the functions of the scatter parameter k
given by:
f1 ¼
18  k k2 þ 3 ekp=2
6 k2 þ 9  ; f2 ¼
k2 þ 3  3 þ kekp=2 
3 k2 þ 9 
ðEq 2:8Þ
2.3 Effect of Contacts Between Crack Faces
As mentioned above, the contacts—even if they are
small—have very strong effect on the compliance and
resistance contributions of a crack. The contact ‘‘islands’’
have origin in incomplete cohesion between splats
(Fig. 5).
We note that a microcrack—or a plane between
layers—may contain multiple contacts. Their analysis is a
challenging problem, due to the interactions between
contacts that are quite strong and extend over long dis-
tances (the effect of a contact decreases as r1 with dis-
tance r from the contact center, i.e., quite slowly); they
may not be neglected even at spacing between contacts an
order of magnitude larger than contact sizes. This makes
the interaction effect highly sensitive to mutual positions
of contacts. Similar statements hold in the context of
conductivity, as demonstrated in Ref 5.
The effect of partial contacts has been analyzed in
Ref 15 and 23 using the example of axisymmetric annular
crack containing an ‘‘island’’ of cohesion in the middle.
The results can be represented in the form of an equiva-
lent circular crack of radius Reff without an ‘‘island’’ that
has the same compliance. An almost vertical drop on the
left in Fig. 6 to about 0.70-0.75 shows that even a very
small ‘‘island’’ reduces the crack compliance by a factor of
about 2.5 (since crack compliance is proportional to R3eff).
Thus, cracks with partial contacts can be modeled by
cracks of reduced size, and described by appropriately
reduced crack density. We add that the exact morphology
of the ‘‘island’’—whether it represents a ‘‘welded’’ area or
a Hertzian contact—is irrelevant in the context of the
linear elastic response.
The challenge for experimental techniques is to extract
information on sizes of ‘‘islands’’—this determines the
effective radius Reff—and frequency of their occurrence.
Note that they may not be easy to detect in 2-D images.
For example, two collinear lines may represent two
different 3-D geometries: (A) annular crack, with an
‘‘island,’’ or (B) two separate cracks (which are not nec-
essarily normal to the plane, and the visible lines do not
necessarily represent their largest crosssections). Geome-
tries (A) and (B) may produce very different compliance
contributions.
2.4 On the Quantitative Characterization
of ‘‘Irregularities’’ of Crack Shapes
Microcracks in coatings have ‘‘irregular’’ shapes, and
this issue needs to be analyzed, if one does not wish to
treat crack density as a fitting parameter thus weakening
Fig. 4 Dependence of the orientation distribution function Pk
on angle u at several values of k and the corresponding orien-
tation patterns
Fig. 5 Splat formation. Adhesion zone at center is surrounded
by a debonded zone, resulting in 3-D annular crack geometry
(after Ref 6). Its 2-D cross section will show two line cracks












the property-microstructure linkage. This problem—
which has to be treated as a 3-D one—has not been fully
solved; we briefly review the progress that has been made
in this direction.
 Noncircular flat cracks. As mentioned above, multiple
cracks of this kind can be replaced by an equivalent
distribution of circular cracks, if the deviations from
circles are random. If the cracks have approximately
elliptical shapes, the equivalence can be established in
quantitative terms. For nonelliptical flat cracks, a
number of estimates and bounds on crack compli-
ances have been obtained (Ref 23), although they do
not cover all possible shapes.
 ‘‘Jagged’’ (corrugated) boundaries of cracks and pores.
If jaggedness is slight (its amplitude is much smaller
than the defect size), it can be ignored, as far as the
effective properties are concerned, and the bound-
aries can be smoothed out. This follows from bound-
ing the compliance contribution of a pore by the ones
of the circumscribed and inscribed ‘‘comparison
shapes’’ (Ref 24); in the case of small jaggedness, the
bounds are tight. The sensitivity to ‘‘jaggedness’’ is
particularly low for narrow, crack-like pores: increas-
ing their aspect ratio to ‘‘absorb’’ the jaggedness and
to provide an upper bound would leave the pore
compliance almost unchanged, as long as its aspect
ratio remains below about 0.1.
 Nonplanar cracks (‘‘wavy’’ and ‘‘cap’’ crack patterns).
This factor was analyzed in Ref 25 and 26, in the
context of elasticity and conductivity, respectively. If
nonplanarity is moderate it can be ignored: the crack
can be replaced, with satisfactory accuracy, by the
planar one of the same area. For strongly nonplanar
cracks, a general methodology of estimating their
compliance and resistance contributions has been
suggested, by replacing the crack by a distribution of
small penny-shaped cracks that follow the same ori-
entation distribution as the considered nonflat crack.
However, this methodology may lose accuracy for the
shapes involving multiple waves.
 Intersected cracks. The impact of intersections on the
overall compliance is minimal. As shown by 3-D
computational studies (Ref 23), the intersected cracks
can be treated as isolated noninteracting ones.
3. The Effective Elastic Properties
of Plasma-Spray Coatings
We now express the effective elastic properties in terms
of proper microstructural parameters identified in the
previous section. We represent, as usual, the effective
elastic compliances as a sum Sijkl ¼ S0ijkl þ DSijkl where S0ijkl
are compliances of the bulk material (assumed to be iso-
tropic) and the change DSijkl is due to defects.
We first consider cracks—microstructural elements of
the dominant importance. In the noninteraction approxi-
mation, the compliance change due to them is given in
terms of a- and b-tensors as follows (Ref 20, 22):
DSijkl ¼
32 1  m20
 











We emphasize that this formula can be used for strongly
oblate pores as well.
Of the a- and b-terms in (3.1), the a-term plays the
dominant role. Indeed, the b-term is rooted in the differ-
ence between the normal, BN, and shear, BT, compliances
of cracks (which relate the average, normal and shear
displacement discontinuities, over a crack under applied
normal and shear tractions, respectively). Had they been
the same (as they are for a 2-D rectilinear crack), the
b-term would have vanished. For the circular crack, BN
and BT differ by a factor of 1  m0=2, i.e., they are rela-
tively close; as a result, the b-term enters with a relatively
small multiplier m0=2. We note that predictions of
the effective constants given by formula (3.1) with and
Fig. 6 (a) Reduction of the crack compliance contribution due
to an island. Reff is a radius of an ‘‘equivalent’’ circular crack
(producing the same effect). An almost vertical drop on the
left indicates a substantial effect of even a very small island.
(b) Analogous reduction of the cracks effect on conductivity in
the direction normal to the crack due to an island












without the b-term omitted are quite close and are within
typical error margins involved in processing image data
and measuring the effective constants. Hence the b-term
can, typically, be neglected and cracks can be character-
ized solely by the crack density tensor a.
The characterization of cracks solely by the crack
density tensor a leads to a drastically reduced number of
independent elastic constants—from nine, in the general
case of orthotropy, to only four, if the orthotropy is due to
cracks (regardless of their orientation distribution): all the
constants can be expressed in terms of three Youngs
moduli, E1, E2, E3, and one constant of the bulk material
m0=E0. In the case of transverse isotropy relevant to the
coatings (x3 is the symmetry axis), E1 = E2 and the number
of independent effective constants is reduced to only three.
In this case, the constants are given in terms of crack
density components a11 = a22 and a33 as follows:
E1 ¼ E2 ¼ E0 1 þ
32 1  m20
 
3 2  m0ð Þ a11
 1
;
E3 ¼ E0 1 þ
32 1  m20
 
3 2  m0ð Þ a33
 1
G12 ¼ G0 1 þ 32 1  m0ð Þ
3 2  m0ð Þ a11
 1
;
G13 ¼ G23 ¼ G0 1 þ 16 1  m0ð Þ









Reduction of the number of independent constants to only
three is expressed in the following relations showing that



















For the specific transversely isotropic orientation distri-
bution given by (2.6), components a11 and a33 are given in
terms of crack densities of the horizontal and vertical
families, qh and qv and their scatter parameters, kh and kv
by formulas (2.7).
We now modify the expression (3.1) to account for the
porosity effect according to the Mori-Tanakas scheme
(MTS) where defects are placed into the average stress,
over the solid phase. The average stress increases by a
factor of (1  p)1, which enters, therefore, as a multiplier
at the compliances given by (3.1). There are two sources of
porosity—due to pores (denoted by pp) and due to slightly
open cracks (denoted by pc); the total porosity p = pp + pc.
Hence the MTS modification involves two factors:
 The effect of pores that is be added to the effect of
cracks in the framework of NIA, by assuming that
pores are placed in the externally applied stress
unperturbed by neighbors;
 The amplification effect due to the elevated average
stress in the solid matrix; it is described by the
amplifying factor (1  p)1 applied to both pores and
cracks.
Remark Although slight openings of cracks produce a
very minor effect on their compliance contributions
(Fig. 3), they affect the overall compliance by contributing
to the amplifying factor (1  p)1.
These considerations yield the following modification
of (3.1):
DSijkl ¼
32 1  m20
 












þ 3 1  m0ð Þ
2 7  5m0ð ÞE0
pp
1  p
 5 1 þ m0ð Þ dikdjl þ dildjk
  1 þ 5m0ð Þdijdkl
 
(Eq 3.4)
where the second term reflects the effect of pores, and the
amplifying factor (1  p)1 is applied to both pores and
cracks. Applying this formula to the orientation distribu-
tion (2.6) we obtain the following modification of formulas
(3.2):
E1 ¼ E2 ¼ E0





3 2 m0ð Þ
a11
1 p
þ 3 1 m0ð Þ 9þ 5m0ð Þ




E3 ¼ E0 1þ
32 1 m20
 
3 2 m0ð Þ
a33
1 pþ
3 1 m0ð Þ 9þ 5m0ð Þ




G12 ¼ G0 1þ 32 1 m0ð Þ
3 2 m0ð Þ
a11
1 pþ





G13 ¼ G23 ¼ G0

1þ 16 1 m0ð Þ
3 2 m0ð Þ
a11 þ a33
1 p











1þ 3 1 m0ð Þ 1þ 5m0ð Þ





4. The Conductive Properties
and the Cross-Property Connection
For the effective conductive properties, quantitative
characterization of the microstructure is similar—although
not identical—to the one for the elastic properties. The
key quantity is the resistivity contribution of a defect; the
extra resistivity of a representative volume V due to
multiple defects is a sum of the individual contributions. In
analogy to formulas (2.1) for the elastic compliances, we
compare the resistivity contribution Dr of the circular
crack of radius a placed in a uniform field of heat flux in
the direction x1 normal to the crack and that of the



























For both of them, the resistivity contribution scales as a3.
Hence, similar to the elastic compliance contributions,
 The smallest defects can be ignored, unless they vastly
outnumber the largest ones;
 Since the largest cracks are much larger than the
largest pores, their contribution to the overall resis-
tivity dominates the one of pores (in spite of a larger
numerical factor for pores in formula (4.1)).
Similar to the elastic properties, pores can be charac-
terized, with sufficient accuracy, by the porosity parameter
p and cracks by the crack density parameters a11 and a33.
Importantly, the effect of partial contacts between crack
faces on the crack resistivity contribution coincides, to
within a multiplier, with their effect on the crack compli-
ance contribution (Ref 15), see Fig. 6 (this follows, as
exact result, from the cross-property connections for
imperfect interfaces, Ref 27). The shape ‘‘irregularity
factors’’ that produce only a minor effect on the elastic
properties—such as ‘‘jaggedness’’ of the pore boundaries
or mild nonplanarity of cracks—remain unimportant for
conductivity as well.
However, there are differences between the two prop-
erties in the case of anisotropy. For the elastic properties,
the orthotropic symmetry has approximate character: it
hinges on neglecting the contribution of the fourth-rank
microstructural tensor b ¼ 1=Vð ÞP a3nnnn  kð Þ in (3.1) or
(3.4). In contrast, the conductive properties are described
by a symmetric second-rank conductivity tensor, and
hence they are always rigorously orthotropic; fourth-rank
microstructural tensors are irrelevant for them.
Remark Obviously, the exact orthotropic symmetry of
the conductive properties does not rule out approximate
character of higher symmetries—the transverse isotropy
or isotropy—that may hold in special cases of orientation
distribution of defects (for example, if the distribution is
approximately axisymmetric or approximately random).
Using the same micromechanics-based approach as in
the case of the elastic compliances, we obtain effective
conductivities in terms of a11, a33, and porosity, in the
form that is analogous to (3.5):
k1 ¼ k2 ¼ k0 1 þ 8a11







k3 ¼ k0 1 þ 8a33








where the amplifying factor (1  p)1 represents the
Mori-Tanaka correction for the interaction effect analo-
gous to the one for the elastic properties—the increase in
the average temperature gradient over the solid phase
under the same applied heat flux.
The similarity between the microstructural parame-
ters that control the elastic and the conductive proper-
ties leads to explicit cross-property connection between
the two properties. The proportionality factor entering
these connections generally depends on the average
shapes of inhomogeneities (Ref 28). In particular, for














It relates changes in Youngs modulus and in conductivity
in the same direction xi. In practice, one is usually inter-
ested in the conductivity k3 normal to the coating and in
the stiffness E1 parallel to it.
This connection is universal—it holds in any direction
xi and applies to all orientation distributions of cracks. At
the same time, it is approximate since it is based on
neglecting the contribution of fourth-rank tensor b. We
mention that in two special cases of orientation distribu-
tion, ideally parallel and randomly oriented cracks, more
accurate results can be given since the mentioned contri-
bution does not have to be neglected in these two cases.











and, for randomly oriented cracks,
E0  E
E




10  3m0ð Þ






These results indicate that the actual cross-property factor
for complex orientation distributions—such as the ones
observed in coatings—is likely to be slightly lower than
the one entering (4.3).
The utility of the cross-property connection is seen as
follows:
 it identifies possible combinations of the elastic/
conductive properties;
 it may be useful if one of the two properties is easier
to measure than the other one;
 It provides a ‘‘control tool’’ for various micro-
mechanics models, by requiring that models for the
elastic properties should be compatible with the ones
for the conductive properties.
5. Modeling of YSZ Coatings: Case
Studies
We now examine experimental data available in
literature in light of the micromechanics-based modeling












outlined in Sect 2-4. The following goals were
pursued:
 To demonstrate that the theory can directly process
the microstructural data;
 To affirm the ability of the model to predict the elastic
and the conductive properties in terms of micro-
structure, as given by Eq 3.5 and 4.2;
 To verify the cross-property connection (4.3);
 To identify uncertainties in extraction of the needed
microstructural information from 2-D photomicro-
graphs.
The microstructure-property connections and the cross-
property linkage (formula (4.3)) are normalized to the
bulk material constants, E0, m0, and k0. Therefore, their
values should correspond to the specific material used in a
considered experiment—as was done in Ref 16 and 29
discussed in the text to follow. This is important in view of
substantial variation in E0 and k0 (depending on the pro-
cessing parameters, primarily, due to the extent of crys-
tallinity and the crystalline structure, the yttria content,
etc.) that has been reported in literature: for YSZ, the
reported values of k0 vary from 1.8 to 3.5 W/mK and for
E0 from 180 to 210 GPa (see, for example, Ref 30 and
information available at the following Web sites: http://
www.crystec.de/daten/ysz.pdf; http://www.stanfordmaterials.
com/media.html). However, many of the published data
on the effective values of E and k take the bulk constants,
E0 and k0, from one of the literature sources, without
discussing their relevance to the particular experiment.
Such uncertainty in the bulk constants leads to large
variations of the ‘‘apparent’’ cross-property factor. For
example, the data of Ref 31 (their Table 1) on the effec-
tive values of E and k implies variation of the ‘‘apparent’’
factor from 0.5 to 2, if E0 and k0 are varied in the above-
mentioned interval. In addition, some of the published
data do not make it clear whether E and k were measured
in the same direction or not.
We now discuss results of Ref 16 where the bulk con-
stants were taken for the specific material used in coatings.
The bulk material constants E0 = 210 GPa, m0 = 0.3, and
k0 ¼ 2:2 W/mK corresponded to the specific processing
conditions under which the coatings had been manufac-
tured at General Electric facilities. As discussed in Sect 2,
the coating is characterized by two crack densities a11 and
a33 and porosity p, the latter playing a secondary role. Their
values had to be extracted from 2-D image data. Whereas
estimation of p was relatively reliable, determination of a11
and a33 involved substantial uncertainties. Fortunately,
smaller microcracks could be ignored since contributions of
individual cracks to a11 and a33 (and hence to the overall
properties) are proportional to their sizes cubed.
The main microstructural uncertainty—and hence the
difficulty in estimating a11 and a33—was in extraction of
information on ‘‘islands’’ of partial contacts between crack
faces. For example, two collinear crack lines in a cross
section can be interpreted either as traces of two isolated
cracks or as a trace of a larger annular crack with
‘‘islands’’ of partial contact in the middle; the latter
interpretation would yield substantially higher values of
a11 and a33. We dealt with these uncertainties by first
assuming that each line corresponds to one isolated crack
and then introduced a correction factor for the ‘‘islands’’;
to this end, we used one of the specimens for calibration
and then applied the calibration factor to other specimens.
As discussed below, this calibration factor had a stable
value, from one specimen to another.
5.1 Verification of the Microstructure-Property
Relationships
To verify relations (3.5) and (4.2), we processed data
from photomicrographs of four specimens. We first
determined the above-mentioned calibration factor for
‘‘islands’’ of partial contacts from specimen A. If all the
crack lines in the photomicrograph of this specimen A are
interpreted as traces of isolated cracks, then the estimated
values of crack densities are a11 = 0.14 and a33 = 0.10;
Eq 3.5 and 4.2 would then yield E1 = 111 GPa and
k3 ¼ 1:69 W/mK. That is a very substantial overestimation
of the experimental data given in Table 1. The disagree-
ment was interpreted as an indication that a significant
proportion of the traces represented larger annular cracks
so that a11 and a33 had to be multiplied by a certain factor.
The latter depends on the average ratio of the internal to
external radii of the annular cracks—information that
could not be directly estimated from the photomicro-
graphs. We chose the calibration factor of 4.6 to match the
conductivity and elasticity data for the specimen A; this
factor incorporates, in an integral way, both the effect of
partial contacts between the crack faces and the transition
from two-dimensional images to three-dimensional crack
densities. Then, the ‘‘effective’’ crack densities for the
specimen A are: a11 = 0.46 and a33 = 0.32 (see Table 2
where the values of a11 and a33 are also given). These
values yield E1 = 53.6 GPa and k3 ¼ 1:13 W/mK—in
Table 1 Effective properties of four specimens presented in Fig. 7 and 8
Specimen
E1, GPa k3, W/mK
Measured Formula (3.5) Cross-property formula (4.3) Measured Formula (4.2)
(A) 51.0 ± 5.1 53.6 56.98 1.16 ± 0.16 1.13
(B) 44.1 ± 4.4 41.5 47.02 1.02 ± 0.14 0.93
(C) 34.2 ± 3.4 35.3 33.64 0.80 ± 0.11 0.83
(D) 18.6 ± 1.9 22.25 20.11 0.53 ± 0.07 0.58
Direct influence of porosity is ignored in calculations












agreement with the data of Table 1. Importantly, both the
elastic modulus and the conductivity were matched—an
indication of correctness of the underlying microstructural
model.
In further support of the value of 4.6 of the calibration
factor, we note that it corresponds to the ratio 0.5 of the
internal to external radii of annular cracks. This number
agrees with the data given in the book (Ref 6), where the
mentioned ratio was estimated to be in the range 0.4-0.7.
We applied the calibration factor of 4.6 to the other
three specimens when processing the photomicrographical
data. Then the predicted values of the elastic modulus and
the conductivity for these specimens (Table 1) agreed
quite well with the experimental data for all the
specimens.
5.2 Verification of the Elastic-Conductive
Cross-Property Connection
The main difficulty in the verification was that the
available data on the elastic modulus and on the conduc-
tivity were in different directions—normally and parallel
to the substrate (E1 and k3), whereas the connection
relates the stiffness and the conductivity in the same
direction. Therefore, we had to verify the connection
indirectly, by estimating the ratio a11/a33 that characterizes
the extent of anisotropy of microcrack orientations. In
terms of this ratio, we could estimate a33 by extracting the
value of a11 from the data on E1 and hence predict k3.
Then the cross-property connection (4.3) takes the form:
E0  E1
E1










The ratio a11/a33 was estimated from photomicrographs
(see Fig. 7 and 8) by interpreting the crack lines as radii
of circular cracks (ignoring the calibration factor for
‘‘islands’’ assuming that the factor applies equally to
microcracks of all orientations). This ratio was about 1.4
for all four specimens (a moderate dominance of the
vertical microcracks, due, mostly, to large vertical cracks).
Table 1 shows good agreement between the data and
the values predicted by the connection. The maximal error
was 12% for specimen B; for the other three specimens,
the error did not exceed 8%. Importantly, the agreement
takes place in spite of the fact that reductions in the values
of E1 and k3 as compared to the bulk material were very
large—by a factor of 4-5.
6. Discussion and Conclusions
Various approaches to linking the effective elastic and
conductive properties of the plasma-sprayed ceramic
coatings to their microstructure have been discussed. In
particular, we emphasized equivalence of two approaches
to modeling the microstructure: the one based on the
statistics of contacts between splats and the microcrack-
based one (provided partial contacts between crack faces
are reflected in the ‘‘effective’’ values of the microcrack
density).
The microcrack-based approach appears to be prefer-
able since it provides a convenient framework for pro-
cessing 2-D image data where the largest microcracks—
which produce the main effect on the overall proper-
ties—can be identified. Also, by utilizing the effective
media models for cracked materials, it provides a frame-
work for predicting the full set of anisotropic effective
Table 2 Microstructural characteristics of four specimens
presented in Fig. 7 and 8
Specimen q, g/cm3 p a11 (=a22) a33
(A) 5.42 ± 0.34 0.103 0.46 0.32
(B) 5.32 ± 0.58 0.121 0.64 0.46
(C) 5.29 ± 0.06 0.126 0.78 0.55
(D) 5.25 ± 0.27 0.132 1.33 0.95
The data on density is used for estimation of porosity (the density of
the virgin material q0 ¼ 6:05 g/cm3)
Fig. 7 Microstructures of four YSZ plasma-sprayed coatings that have been processed in the framework of the developed model












constants. In the case of transverse isotropy that is rele-
vant for the coatings considered, the controlling micro-
structural parameters are two principal values of the crack
density tensor—microcrack densities a11 and a33 that
reflect, in an integral way, the density of microcracks and
their orientation scatter about the ‘‘horizontal’’ and
‘‘vertical’’ directions. Their values also reflect partial
contacts between crack faces that substantially reduce the
‘‘effective’’ crack density. Both the elastic and the con-
ductive properties are expressed in their terms. Impor-
tantly, these results apply to strongly oblate pores (aspect
ratios below 0.1) as well. The porosity parameter p usually
plays a secondary role (at least at porosities not exceeding
10-15%); in the framework of the Mori-Tanakas scheme,
it enters as a correction multiplier (1  p)1 that amplifies
the effect of microcracks.
One of the advantages of identifying the proper
microstructural parameters (a11, a33, and p) is that they
imply cross-property connections between the elastic and
the conductive properties. They may be useful if one of
the properties is easier to measure than the other one.
Besides, they provide a ‘‘control tool,’’ by requiring that
models for the elastic properties should be compatible
with the ones for the conductive properties.
We discussed difficulties in processing the microstruc-
tural information provided by 2-D image photomicro-
graphical data and related uncertainties. One of them is in
the extraction of information on partial contacts between
crack faces—the factor of primary importance that
determines the reduced ‘‘effective’’ value of microcrack
densities.
Remark on the PVD coatings Although the present
review focuses on the plasma-sprayed coatings, we com-
ment on modeling of the physical vapor deposition (PVD)
ones, where one of the quantities of interest is the elastic
stiffness in directions parallel to the coating (in connection
with thermal expansion of the substrate). The micro-
structure of PVD coatings (Fig. 9) differs from the one of
the plasma-spray coatings in an essential way—it cannot
be modeled as a continuous material containing isolated
cracks and pores. Instead, it is formed by multiple contacts
along rough surfaces, the latter crossing the entire ‘‘rep-
resentative volume.’’ This implies that the microstructural
Fig. 8 Two-dimensional crack densities extracted from images of microstructures of the four specimens shown in Fig. 7
Fig. 9 Typical microstructure of PVD ceramic coatings at dif-
ferent magnifications. Note multiple contacts between the
microstructural elements












characterization must be different—it should reflect the
distribution of contacts (Ref 32). An attempt to model the
PVD coating by a continuum with pores (for example,
needle-like ones) leads to gross overestimation of the
mentioned stiffness (Ref 33).
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